is positive for all positive s.
Unfortunately, it very often happens that f{x, x) changes sign in (0, 1). The purpose of this paper is to shed a little light on the extent to which this is true.
Heilbronn [5 ] proved that there is a prime number P such that if x{p) -~ I for all primes p not exceeding P, then f{x, x) takes some negative values on (0, 1).
It may be of some interest to determine the smallest value of P for which Heilbronn's assertion is correct.
On the one hand we cannot take P = 5. For if xOO = {n/53), then f{x, x) is positive throughout (0, 1), since in this case (1 -x)~3f{x, x) has a power series around the origin with all coefficients positive (cf. [9] ).
On the other hand we have the following three quantitative forms of Heilbronn's theorem:
I. (Cf. p. 37 of [7] or Problem 46 of Part V of [8] .) If x(p) = -1 for all primes p not exceeding 11, then f{x, x) < x -x2 -x3 + x4 -x5 + x6 -x1 -x% + x9 + x10 -x11 -x12 + Z *" II. (Cf. p. 31 of [3] .) If x{p) = ~ I for all primes p not exceeding 7 and if in addition x(P) = ~ 1 for at least one of the primes p = 11, 13, 17, 19, then fix, x) < x -x2 -x3 + x4 -x5 + x6 -x1 -xs +x9 +x10 + x11 -x12 Since Hahn's result III is a little more complicated than I or II, we give a detailed proof in Section 2 for completeness.
The results I, II, and III show that we can take P = 11 in Heilbronn's theorem and hint that perhaps it might even be possible to take P = 1. However, in this paper The other method is based on finding a positive integer m such that the power series for (1 -x)~mF{x, x) has all coefficients positive. In the case x(") = («/1973), we find that m = 567 is the smallest value of m which will work. In the case x(") = (n/1277), we find that m = 766 is the smallest value of m which will work.
This second method is often attributed to Chowla [1] , but in fact goes back to Fekete (cf. [2] ). While the Fekete-Chowla method is sometimes useful for characters of small moduli, in the cases at hand it takes over 100 times as much computer time as the first method. It should be emphasized that the positivity of the Fekete polynomial fix, x) throughout (0, 1) is merely a crude sufficient condition for the positivity of Lis, x) for all positive s. When x(_ 1) = ~~ 1 a much more subtle way of obtaining the positivity of L{s, x) for all positive s is presented in [6] and in a forthcoming paper by Purdy.
2. Proof of III. Let X denote the Liouville function and let * indicate summation over those values of n having no prime factors greater than 7. Then under the hypotheses of III we have /(*, x) < Z X{n)xn + Z x" «= 1 «=40
< Z* Kn)x" +x29 +x31 +x31 +x40Hl -x) «<40 + xOlH*11 -x22 -x33} + x(13){*13 -x26 -x39} + x(17){*17 -x34} + x(19){*19 -*38} + X(23)x23.
For 0 < x < 0.8 we have x11 -x22 -x33 > x13 -x26 -x39 > x17 -x34 > x19 -x38 > x23.
In view of these inequalities the extremal case of the above majorant for f{x, x) consistent with the hypotheses of III is that in which X(H) = X(13) = X(17) = x(19) = 1, x(23) = 0. -0.0001488 is all that is logically required. Thus III is proved. We remark that if X(2) = x(3) = x(5) = x(7) = -1 but X(H) = X(13) = X(17)= x(19) = x(23) = l,then f{x, x) > x -x2 -x3 + x4 -x5 + x6 -x1 -xs + x9 + x10 + x11 -x12 + x13 + x14 + x15 + x16 + x17 -x18 + x19 -x20 + x21 -x22 + x23 + x24 + x25 -Z xn,
«=26
which can be shown to be positive on the interval (0, 0.9217) by the method of Section 5. Thus the condition in HI that at least one of the numbers x(H)> X(13), x(17), X(19), x(23) be less than one is absolutely essential. Of course this is shown more forcefully by part (c) of the theorem.
3. Proof of Part (a) of the Theorem. Consider a real primitive character x with X(2) = x(3) = x(5) = x(7) = -1. Since x(2) =£ 0, the modulus of x must be odd.
Thus x is given by the Jacobi symbol (*) X(") = {nlq)
for some odd squarefree positive integer q (not necessarily a prime). By using the quadratic reciprocity law and its two supplements we find that Table 1 . Real primitive characters x with x(2) = x(3) = x(5) = x(7) = -1 and 
Thus for \z\ < 1 we have
., *-"., z + m
since if we separate out the terms with r = 0, the remaining iterated sum is absolutely convergent. The result of the lemma follows upon replacing z by -iz and using the assumption x(~ 0 = 1-Lemma 2. // x « a primitive real character modulo k with k > 1 and X{-1) = 1, then fix, x) > 0 when exp(-2s/Tlk) < x < 1.
Proof. Recall that for a real primitive character x modulo k we have f{e2vi,k, X) = Z X{m)e2"imlk = {X{~ l)k}1'2. 
Now if « is a positive integer,
L{2n, x) ' V 1 -X(P)P"2"-2 " x(P)=-i ! + ^"-n ! +p~2 r(2)r(8) üi
Thus if 0 < z < \/7/7r, the «th term of the above series for /(e~27rz/fc, x) decreases in absolute value as n increases. Hence f{e~2nz/k, x) > 0 if 0 < z < V7/7T and so fix, x) > 0 if exp(-2V7/X) < x < 1.
For later reference we note that exp(-2V7/1277) < 0.9960, exp(-2y/T/l913) < 0.9975. 2 dt
(1 -x0)(l -x0 -h) Lemma 4. If x Is a real residue character and if g{x0, x) = xlf{xQ, x) > 0 for some x0 in iZh, 1), then gix, x) > 0 on the interval (x0 -i?(x0), x0), where V{x0) = g{x0){l -x0)2 > S(x0).
Proof. We remark that tî(x0) < 1 -x0 < x0, so that x0 -r?(x0) is still in [0, 1). If 0 < h < T7(x0), we have Fortunately ô was often much larger than this minimum value, so that the length of our sequence remained within reasonable bounds. A skeleton table of values, including the relative extrema of the sequence g{xA, is given in Table 2 . While we have not used Lemma 4 as such, it shows that once we obtain a positive value for g(x+1, x) we have a second argument for showing the positivity of g{x,x) for at least the right-hand part of (x;-, x]+i). It could also be used to produce an alternative proof of part (c) of the theorem by constructing a sequence going in the opposite direction, starting from 0.9960 or 0.9975. We remark that in a case where g{x, x) = x~lf{x, x) has a zero in [0, 1) the sequence constructed by using (i), (ii), and (iii) indefinitely will be infinite and will // x is a given nonprincipal residue character modulo k, let ml = m-ix) be the smallest positive integer such that sm {ri) > 0 for all n and let m2 = m2ix) be the smallest positive integer such that Sm {n)>0 for all n. Then m2 < m. < m2 + 1.
Proof. The first inequality follows from the above proof that (iii) implies (iv).
The second follows from the identity OO CO Z sm + 1{n)x" = il +x+x2 +---+ X*-1) Z Sm{n)x". «=i «=i
By the Fekete-Chowla method we mean the use of either (iii) or (iv) to test for the positivity of / or F throughout (0, 1). Properly speaking, Fekete considered the use of (iii) and in this he was followed by Grimm [3] , while Chowla [1] discussed the use of (iv) and this was the procedure used by Rosser [9] . However, there is very little distinction between the two versions of the method.
In the case of the real nonprincipal characters modulo 1973 and 1277 the calculations discussed in the preceding section show that /(x, x) comes close to having a real zero around 0.744. In fact,in both cases / has a pair of complex conjugate zeros in this vicinity, which we tried to approximate. We found that for the real nonprincipal has positive coefficients, we find that the factor (1 -x)~568 will convert the quadratic factor for 1973 into a power series with positive coefficients and that the factor (1 -xV~766 will convert the quadratic factor for 1277 into a power series with positive coefficients. We went through these efforts in order to get some idea of what power of (1 -x)-1 we must multiply by in order to convert fix, x) into a power series with positive coefficients. Actually the values obtained for the quadratic factors turned out to give a very good indication. For the real nonprincipal character modulo 1973 we found m1ix) = m2{x) = 567 instead of the suggested 568. For the real nonprincipal character modulo 1277 we found m2ix) = 766, exactly equal to the suggested value, but were unable to determine whether w,(x) is 766 or 767 without a further extensive calculation.
We proceed to give a discussion of how these values of m2ix) were obtained. (2) and (3) we must have Sm{b) < 0. Thus when we go from Sm_, to Sm a block of nonpositive values of Sm_. can undergo one of the following transformations: (1) it can disappear, (2) its starting point can remain stationary or shift to the right but not go past the old ending point (while the length may change but must extend at least to the old ending point), (3) it can merge with a previous nonpositive block.
Certainly a block of consecutive integers on which Sm_. is nonpositive cannot split into two or more nonpositive blocks of Sm. In fact,these arguments show that the number of variations in sign among the values of Sm_. can only decrease by an even number when we go over to Sm.
We know that S3 has only two nonpositive blocks. For 1 < « < 1973 computer calculations show that Sgin) is nonpositive only when 18 < n < 37 or when 697 < n < 844. Hence these blocks must have descended from the two nonpositive blocks of S3. Since S3 is always positive after its second nonpositive block, Sg enjoys the same property, i.e., S9{ri) > 0 for n > 845. In another calculation we found that S10(«) < 0 for 22 < n < 42 but Sl0{ri) > 0 for all other positive The one remaining nonpositive block [22, 42] of S10 has a descendant in each generation for some time. In fact a calculation determined that Ss66(1648) < -10538 is the minimum value of Ss66 on the interval [1, 1973] and that 5S66(1972) > 0, so that 5566 has a single nonpositive block containing 1648 but not 1972. As a consequence SS66{n) > 0 for all n > 1972. Finally we found that S561{n) > 0 for 1 < n < 1973, so that the single nonpositive block appearing in Sl0 through 5S66 has finally disappeared. Thus 5S67(n) >0 for all n > 1 and m2ix) = 567 in this case. for n > 1277. The computer found that S3{n) < 0 for 6 < n < 17 and for 96 < n < 282 and that S3{n) > 0 for all other values of n less than 1277. Accordingly S3{n) > 0 for n > 283.
Just as for the real nonprincipal character modulo 1973, we know that Sm for m > 3 can have at most two nonpositive blocks. Two nonpositive blocks do exist for 523, since S^h) < 0 for 54 < n < 85 and for 1167 < n < 1236 but S23 is otherwise positive on [1, 1277] . However, the second nonpositive block disappears when we go from S23 to iS24, since S24(«) < 0 for 57 < n < 88 but S24 is otherwise positive on [1, 1277] . Thus S24{n) > 0 for n ~> 89 and Sm has at most one nonpositive block for any m greater than 23.
A calculation determined that S76s(2232) < 0 while 5765(2500) > 0. Thus 5765 has a nonpositive block which includes 2232 but not 2500, and this is its only nonpositive block. Finally we found that S166{n) > 0 for 1 < n < 2500. If there were a nonpositive block in S766, it would have to begin before 2500. Thus 5766(«) > 0 for all positive integral « in the case of the real nonprincipal character modulo 1277. Note that the nonpositive block of S765 extends well beyond 1277, which complicates the precise determination of ml{x). But 766 = m2(x) < m-ix) < 767. In this paper we showed that when h = 0 the smallest value of r which would work is r = 5. In principle it would be possible to determine the smallest admissible value of r in other cases as well. 
